We verify the inductive Blockwise Alperin Weight (BAW) and the inductive Alperin-McKay (AM) conditions introduced by the second author, for p-blocks of finite quasisimple groups with cyclic defect groups whenever the prime p is odd. Furthermore, we establish a criterion that describes conditions under which the inductive AM condition for blocks with abelian defect groups implies the inductive BAW condition for those blocks.
Introduction
Two of the most important counting conjectures in the representation theory of finite groups are the Alperin-McKay and the Alperin Weight Conjectures, both concerned with invariants of blocks. The Alperin-McKay conjecture states that the numbers of ordinary irreducible characters with height zero of b and b 0 coincide for any p-block b of a finite group G, where b 0 denotes the Brauer correspondent of b. In this situation the Blockwise Alperin Weight conjecture claims that the number of irreducible p-Brauer characters of b coincides with the number of weights of b. Recall that a weight of b is a G-conjugacy class of pairs .Q; / with a p-subgroup Q Ä G and an irreducible character of N G .Q/=Q such that lies in a block of N G .Q/=Q with defect zero and the lift of to N G .Q/ belongs to a block c with c G D b, where c G is defined using Brauer induction of blocks. While the conjectures are known only for specific classes of blocks of finite groups, there is now a new approach that might lead to general proofs of the conjectures.
In [37, 38] it is shown that these conjectures hold if every finite non-abelian simple group satisfies the inductive Blockwise Alperin Weight (BAW) condition and the inductive Alperin-McKay (AM) condition. In the case of the Alperin The first and second authors have been supported, respectively, by the Japan Society for Promotion of Science (JSPS), Grant-in-Aid for Scientific Research (C)23540007, 2011-2014, and the ERC Advanced Grant 291512. 778 S. Koshitani and B. Späth Weight conjecture the proof also leads to an approach for blocks with a given defect group. Recall that for any finite group G and a block B of G with defect group D the Blockwise Alperin Weight conjecture holds, if the inductive Blockwise Alperin Weight (BAW) condition holds with respect to R D for all simple groups involved in G, where R D is the set of all finite groups involved in D, see [38, Theorem B] 
Analogously one can establish blockwise versions of the inductive Alperin-McKay (AM) condition, see Definitions 3.2 and 7.2 below. We verify those conditions for blocks with cyclic defect groups, and also verify the inductive BAW condition for nilpotent blocks.
In a few cases the inductive conditions have been checked for specific finite simple groups and with respect to certain p-groups, see [36] , [37] , [38] , and [11] . The inductive BAW condition for a prime p could be verified for most sporadic finite simple groups, the alternating groups and finite simple groups of Lie type defined over a field of characteristic p, see [6] , [27] , [36] and [38] . In the present paper we prove that the inductive Blockwise Alperin Weight (BAW) condition and the inductive Alperin-McKay (AM) condition hold for all p-blocks of finite quasisimple groups with cyclic defect groups under the assumption that p is odd.
While in most of the anterior proofs the knowledge on the representation theory of the specific quasisimple group was key, we apply here (well-)known results on blocks with cyclic defect groups for the proof without relying on the classification of finite simple groups. Theorem 1.1. Let p be an odd prime, q a prime, S a finite non-abelian simple group, G its universal covering group and G its universal p 0 -covering group. Then the inductive Alperin-McKay (AM) condition from Definition 7.2 holds for all p-blocks of G with cyclic defect groups and the inductive Blockwise Alperin Weight (BAW) condition from Definition 3.2 holds for every q-block of G with cyclic defect groups.
This extends the earlier results from [37, Corollary 8.3 (b) ] and [38, Proposition 6.2] on blocks with cyclic defect groups, where in addition the outer automorphism groups had to be cyclic. Analogously Theorem 7.1 of [34] establishes there an equivariant bijection for the non-blockwise version of the inductive Alperin Weight condition for quasisimple groups with cyclic Sylow p-subgroups, and thereby proves this inductive condition in the case where the outer automorphism group of the quasisimple group is cyclic. The main part of the paper is devoted to developing methods to control the Clifford theory of the considered characters.
The assumption that the prime is odd allows the application of rationality argu-This article is structured in the following way: We introduce the main notation in Section 2. In Section 3 we prove the inductive BAW condition for nilpotent blocks and thereby give the proof of Theorem 1.3. After recalling various results about blocks with cyclic defect groups in Sections 4 and 5 we extend them in Section 6 in order to determine the Clifford theory of characters in blocks with cyclic defect groups by means of local data. We use that in Section 7 to verify the inductive AM condition for those blocks. In Section 8 we show Theorem 1.2 and thereby give a criterion saying when the inductive AM condition implies the inductive BAW condition. Namely, we prove Theorem 1.1 in Sections 6 and 7. We conclude with the proof of the inductive BAW condition for blocks with cyclic defect groups as an application of Theorem 1.2.
Notation
In this section we explain most of the notation used later. For characters and blocks we use mainly the notation of [30] and [31] .
Let p be a prime. Let .K; O; k/ be a p-modular system that is "big enough" with respect to all finite groups occurring here. That is to say, O is a complete discrete valuation ring of rank one such that its quotient field K is of characteristic zero, and its residue field k D O=rad.O/ is of characteristic p, and that K and k are splitting fields for all finite groups occurring in this paper.
All considered groups are finite. For a finite group G we denote by Bl.G/ the set of p-blocks of G. For N C G and b 2 Bl.N / we denote by Bl.G j b/ the set of p-blocks of G covering b. We write Bl.G j D/ for the set of p-blocks of G with defect group D. We write Irr.G/ and IBr.G/, respectively, for the sets of irreducible ordinary and Brauer characters of G.
For a character 2 IBr.G/ [ Irr.G/ we denote by bl. / the p-block of G to which belongs. For N C G we say that B 2 Bl.G=N / is dominated by B 2 Bl.G/ and write B Â B, if all irreducible characters of B lift to characters of B, see [31, p. 198] or [30, p. 360] .
We denote by dz.G/ the set of irreducible ordinary characters of G that belong to a block with defect zero. When Q is a p-subgroup of G and B 2 Bl.G/, we denote by dz.N G .Q/=Q; B/ the set of defect zero characters 2 Irr.N G .Q/=Q/ such that bl. / is dominated by a p-block B 0 2 Bl.
By cc G .x/ we denote the conjugacy class of G containing x 2 G, and for any subset X Â G we denote by X C the sum P x2X x in OG or kG. We write G 0 for the set of all p-regular elements of G. The restriction of a character of G to G 0 is denoted by 0 . Assume B 2 Bl.G/. Then we denote by B W Z.kG/ ! k the associated central function, see [31, p. 48 where for every g 2 G we denote by b .g/ an arbitrary block in Bl.hN; gi j b/. Note that by this definition, GOEb is well-defined, since it does not depend on the choice of the blocks b .g/ , and GOEb C G b , see [29] . For a group A acting on a set X we denote by A X 0 the stabilizer of X 0 in A, where X 0 Â X. For a ring R we denote by R the set of all units in R, so it becomes a group by multiplication.
Later we use also vertices and other methods seeing blocks as algebras. The relevant notation will be introduced later.
The inductive blockwise Alperin weight condition for nilpotent blocks
In this section we introduce a condition on blocks of quasisimple groups that partitions the inductive Blockwise Alperin Weight condition (BAW condition for short), see Definition 3.2 and prove that the inductive BAW condition holds for all nilpotent blocks of finite quasisimple groups. Recall that the universal p 0 -covering group G of a finite perfect group S is the quotient
In [38] two versions of the inductive BAW condition are presented, one general version and a version relative to a set of finite p-groups, see [38, Definitions 4.1 and 5.17 ]. Additionally we present here a blockwise version of the conditions and give its relation to the established conditions.
and we denote by Rad.G/ the set of radical p-subgroups of G, and Rad.G/= G denotes an arbitrary G-transversal of Rad.G/, namely it is a set of representatives of G-orbits of Rad.G/ by the G-conjugation. Recall, for a group A acting on G we denote by A B the stabilizer of B 2 Bl.G/. Definition 3.2 (Inductive BAW condition for a p-block, see also [38, Definition 5.17] ). Let p be a prime, S a finite non-abelian simple group, G a p 0 -covering group of S , and B 2 Bl.G/ such that Z.G/ \ ker is trivial for any 2 IBr.B/. We say that the inductive BAW condition holds for B if the following statements are satisfied: This definition of the inductive BAW condition for a block is a partitioning of the one established in [38, Definition 4.1] . For a set of p-groups R we denote by Bl R .G/ the set of all p-blocks of G having a defect group in R. Proof. In [38, Definition 5.17] the Brauer characters of the universal p 0 -covering group of S are considered, while in Definition 3.2 the Brauer characters of p 0 -covering groups G of S are considered that are faithful on Z.G/. Via lifting those two sets of characters correspond to each other. Also the blocks are in correspondence.
Note that for every Q 2 R, every character in G Q .IBr.B j Q/ \ IBr.G j 0 // lifts to a character in Irr.N G .Q/ j / for every 2 Irr.Z.G// since B and bl. 0 / both cover the same block of the p 0 -group Z.G/, whenever 0 is a lift of a character in dz.N G .Q/=Q; B/. Apart from those requirements both conditions coincide.
When verifying the above condition for any block, Definition 3.2 (iii) is crucial. The group A. ; Q/ as required in the first half of the condition can be constructed for all characters 2 IBr.G/.
Lemma 3.4. Let p be a prime, S a finite non-abelian simple group, G a p 0 -covering group of S, and 2 IBr.G/ such that ker \ Z.G/ D 1. Then there exists a finite group A which satisfies the following:
Proof. In a first step we construct a projective k-representation P of Aut.G/ and then determine a central extension of Aut.G/ using the factor set of P . Finally, we prove that the finite group obtained thereby has the properties claimed in the statement.
Let D be a k-representation of G associated with . Let T be a full representative system of Inn.G/-cosets in Aut.G/ . For t 2 T we define P .t/ by the following: Let Y WD GÌhti. Then there exists an extension e D of D to Y as (linear) representation. We set P .t Straightforward calculations show that P is a projective representation. Let˛be its factor set and let C be the subgroup of k that is generated by˛.a; a 0 / for a; a 0 2 Aut.G/ . By the construction of P the values of˛are roots of unity of finite order and hence C is a finite group. Like in [31, proof of Theorem (8.28)] the factor set˛defines a central extension A of Aut.G/ : The elements of A are the pairs .a; c/ with a 2 Aut.G/ and c 2 C , and multiplied by .a 1 ; c 1 /.a 2 ; c 2 / D .a 1 a 2 ;˛.a 1 ; a 2 /c 1 c 2 / for every a i 2 Aut.G/ and c i 2 C:
Let W Z.G/ ! C be the morphism such that for z 2 Z.G/ the matrix D.z/ is a scalar matrix with diagonal entries .z/. Then G is isomorphic to a normal subgroup of A, via the isomorphism rep.g/z 7 ! .g; .z//. This proves (i).
We
As C is a finite subgroup of the multiplicative group k , p − jC j. We observe that P lifts to a representation Q of A, defined by Q.a; c/ D cP .a/ for every a 2 Aut.G/ and c 2 C:
By straightforward calculations we see that the Brauer character of A afforded by Q is an extension of . Lemma 3.5. Let N C G and L C G with N Ä L and let Q 2 IBr.L/ such that WD Q N 2 IBr.N /. Assume that Q is G-invariant and that for every prime q ¤ p there exists an extension q of to some
This is an extension of [31, Theorem (8.11) ], that proves the above for L D N .
Proof. By [31, Theorem (8.11) ] the character Q extends to LK p , where K p Ä G satisfies N Ä K p and K p =N 2 Syl p .G=N /. According to [31, Theorem (8.29) ] it suffices to prove that Q extends to LK q for every prime q ¤ p. Let D be a k-representation of L whose associated Brauer character is Q . We construct a k-representation of LK q extending D. According to [31, Theorem (8.16) ], for every prime q ¤ p there exists a k-representation Q q of K q associated with q such that Q q .x/ D D.x/ for every x 2 K q \ L: 
x/ has the analogous property
This implies that there exists a k-representation D q of LK q with D q .lk/ D D.l/Q q .k/ for every l 2 L and k 2 K q :
Accordingly Q can be extended to LK q , and hence to G.
We recall some properties of nilpotent blocks of quasisimple groups, before we verify the inductive BAW condition for those blocks. Note that the proof of the following result relies on the classification of finite simple groups. Furthermore, from the work of Külshammer-Puig [25] we can deduce the following about the extensibility of characters in nilpotent blocks. [31, Theorem (9.26) ].
Note that according to [13, Corollary 12.6] (or [29, Theorem 3.13]) we see that L D H OEb 0 . According to [13, Theorem 3.5] (or [29, Theorem 3.5]), B 0 is the unique block of H covering B 0 and hence the associated idempotents satisfy 
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This yields that 
We apply this to verify that the inductive BAW condition holds for nilpotent blocks of quasisimple groups.
Proof of Theorem 1.3. Without loss of generality we may assume that the block B of the quasisimple group G has a non-central abelian defect group. As mentioned after Definition 3.2 this implies that for any Q 2 Rad.G/ the set dz.N G .Q/=Q; B/ is non-empty if and only if Q is a defect group of B, see [2, proof of Consequence 2]. Hence the sets from condition (i) of Definition 3.2 can be chosen such that the requirement trivially holds.
We can assume that any 2 IBr.B/ is faithful on Z.G/. (Otherwise we can descend to a quotient of G. Note that by [30, Theorem 5.8.8] , B corresponds to a unique block of the quotient with an abelian defect group. By the definition of nilpotent blocks we see that this block is again nilpotent.) Let B 0 2 Bl.N G .D// be the Brauer correspondent of B. Then, by the definition of nilpotent blocks, B 0 is also nilpotent.
The characters in dz.N G .D/=D; B/ lift to characters in Irr.B 0 /. By the theory of nilpotent blocks due to Broué and Puig [7] , see [40, Theorem (52.8) ], there is exactly one character in Irr.B 0 / that contains D in its kernel. We identify dz. Hence it suffices to check condition (iii) of Definition 3.2.
We check that we can apply Lemma 3.5. For every prime q we denote by A q a group with G Ä A q Ä A and A q =G 2 Syl q .A=G/. For p ¤ q there exists an extension q of 0 to N A q .D/ according to Proposition 3.7 such that
Hence the character q satisfies
Hence Q 0 extends to N A .D/ by Lemma 3.5. Accordingly Definition 3.2 (iii) is satisfied for .
Brauer characters in blocks with cyclic defect groups -Recall
In this section we recall some known results about the Brauer characters of blocks with cyclic defect groups that are relevant for our later considerations. Based on the work of Dade [12, 14] , blocks having cyclic defect groups seem well-understood. For Brauer characters the Green correspondence gives a natural bijection with many additional properties. For the Green correspondence we use the notation as introduced in [30, Section 4.4].
Although Dade gave the following statement already in [14] , we recall for the sake of completeness its proof since its details are used later. Proof. The existence of a bijection can be deduced from [14, Lemma 4.7] together with [31, Theorem (9.9) ]. Since any simple kG-module in B has D as its vertex, see [12] or [22, The theory of Dade from [14] and the Green correspondence provide several tools in this situation. In order to explore the bijection in Lemma 4.1 we recall some facts about Green correspondence. Notation 4.2. For H Ä G and a kH -module V we denote by V G the induced kG-module, and for a kG-module W we denote by W H the restriction of W to a kH -module. We denote by vx.V / the vertex of V , as defined in [30, p. 270 ]. For kG-modules W and W 0 we write W 0 j W when W 0 is (isomorphic to) a direct summand of W . Further, for subgroups 
where each e Y i has a vertex which is in the set e Y WD Y.G; D; H /, that is defined as in [ 
On the other hand,
Therefore, by the Krull-Schmidt theorem, we know the assertion of (b). By the proof of (a) it holds that e V j V G . Hence, Burry's theorem in [30, Theorem 4.4.8 (ii)] implies that Q f e V is a direct summand of .fV / H . This proves (c).
The above statement on Green correspondence is applied in the situation of extending characters. We start with the following easy consequence of Lemma 4.1. 
Ordinary characters in blocks with cyclic defect groups
In this section we describe the ordinary characters of blocks with cyclic defect group. We use the Broué-Puig -construction and explicitly decompose some generalized characters obtained that way. We start by recalling the notation for ordinary characters in those blocks. The exceptional characters can be described by using the -construction from [8] . The generalized decomposition numbers of B for u 2 D with u ¤ 1 satisfy d u i ; .u/ D i 2 ¹˙1º and d u ;
The Broué-Puig -construction of class functions
.u/ D Á .u/ with some 2 ¹˙1º (independent of ), see [12] or [15, Theorem 68.1]. The following statement is an unpublished result by Atumi Watanabe, whose proof we reproduce for completeness.
Proposition 5.4 (Watanabe) . For any 2 ƒ,
Proof. We verify the above equation first for p-singular elements and later for p-regular elements. Let g 2 G be a p-singular element. According to [31, Corollary (5.9)] we can assume that there exist some u 2 D with u 6 D 1 and
Before determining 1 . 1 Á /.us/ note that
The definition of the -construction and the one of
.us/:
is a generalized character of G and Á is .G; b D /-stable, we have
.v s g v /: 794 S. Koshitani and B. Späth By the definition of
together with Brauer's Second Main Theorem, see [31, Theorem (5. 2)] for example, we obtain
.
In the last step we use the before mentioned generalized decomposition numbers. As mentioned above
Now we consider the value of 1 .e 1/ 1 P e i D2 i i C on the element us using again Brauer's Second Main Theorem and generalized decomposition numbers .s/ e X i D2
.s/ C d u ;
.s/
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for any p-singular element g 2 G.
Next we consider the values of the two generalized characters for t 2 G 0 . Let u 2 D be a non-trivial element. Block orthogonality from [31, Corollary (5.11) 
.1/
Ã .t/:
Using the generalized decomposition numbers we see
Dividing by the positive integer P 2IBr.C G .u// bl.
The value .t/ is independent of 2 ƒ, since the value of the (generalized) decomposition numbers is independent of . Hence for any 0 
where in the last step we use
Recall t 2 G 0 , hence we obtain for 2 ƒ from 796 S. Koshitani and B. Späth the definitions
Using this together with equation (5.5) we see
This proves the statement.
In our later considerations we use the following well-known facts about the rationality of characters in blocks with cyclic defect groups. Using this statement Proposition 5.4 implies the following.
Lemma 5.6. The character is the unique constituent of 1 Á that is not p-rational. Further, it has multiplicity˙1.
Proof. This follows from Proposition 5.4 using Lemma 5.5.
In order to deduce later from the inductive AM condition for those blocks, the inductive BAW condition we use the following property of the decomposition matrix that is well known. 
Beyond blocks with cyclic defect groups
In this section we apply the results recalled from the previous section to describe the Clifford theory of characters belonging to blocks with cyclic defect groups. As a result of this section we see that various properties of characters belonging to a block with cyclic defect groups are already determined locally. Using Notation 5.1 we establish equivariant bijections between the characters of Brauer corresponding blocks with cyclic defect groups. Further, we study the existence of certain extensions. Since we are using various rationality arguments, we highly make use of the assumption that p is odd.
Using the assumption that p is odd, we see that there is a natural bijection between characters of a block with cyclic defect groups and those of its Brauer correspondent, once a maximal Brauer pair of the considered block is fixed. The bijection is a consequence of Dade's work in [12, 14] , see also [15, Section 68] . For later applications we present a detailed construction of the bijection. Note that any p-rational character of N is trivial on the Sylow p-subgroup of Z.N /. Let a be the integer with jDj D p a , and let D i be the subgroup of D with jD W D i j D p i for each integer i . We assume that D a 1 is non-central. Otherwise the non-exceptional characters are considered as characters of G=D a 1 . According to [14, Lemma 4.10] there exists an Aut.N / b -equivariant unique bijection Irr nex .b/ to Irr nex .c a 1 / constructed using Green correspondence, where c i 2 Bl.N N .D i // is the block with .c i / N D b. The characters in Irr nex .c a 1 / can be identified with the characters in the block c a 1 2 Bl.N N .D a 1 /=D a 1 / that is dominated by c a 1 . By [32, Lemma (3. 3)] the block c a 1 has defect group D=D a 1 . Successively applying this procedure, we obtain an Aut.N / b -equivar- This bijection is compatible with "going-to-quotients". Proof. Note that once the block b D is chosen, b D=Z is uniquely defined since C G=Z .D=Z/=.C G .D/=Z/ is a p-group. Moreover, by the assumption we are in The inductive AM and BAW conditions for cyclic blocks 799 the situation considered in [12, p. 27] : we have e D 1 and the characters with 2 Irr.D=Z/ lift to the characters of G. Further, the character in Irr nex .b/ lifts to the one of Irr nex .b/, since they are the only p-rational characters in those blocks.
The characters of b can be labelled using the block b D=Z . By the definition of ƒ b;D and ƒ b;D=Z the statement also holds for exceptional characters, since the character 2 Irr ex .b/ lifts to , where is the lift of .
The bijection ƒ b;D also preserves the "extensibility of characters", more precisely it maps characters in b that extend to G, to characters in b 0 with a similar property. Proof. Let the characters in Irr.b/ [ IBr.b/ be labelled as in Theorem 5.7. First assume that is non-exceptional and hence D i for some i. According to Theorem 5.7 the character i is invariant in G and is a constituent of 0 with multiplicity one. For any extension Q of to G the class function Q 0 has a constituent that is an extension of i to G.
Let b 0 2 IBr.N N .D// be the Brauer correspondent of b. By Lemma 4.5 (b) we know that some character in IBr.b 0 / extends to N G .D/. Let B 0 be a block of N G .D/ to which this extension belongs. Note that B 0 has D as a defect group according to [31, Theorem (9.26) ].
In the next step we show that all characters in IBr.B 0 / have the same degree: One can see that for a character 2 IBr.C G .D// with bl. / N G .D/ D B 0 the group N G .D/ = C G .D/ is a p 0 -group by [1, Chapter 15, Theorem 4] and as subgroup of Aut.D/ it is cyclic. Accordingly extends to N G .D/ and all characters in IBr.N G .D/ j / are extensions of . This implies that all characters in IBr.B 0 / D IBr.N G .D/ j / have the same degree. Hence every character in IBr.b 0 / extends to N G .D/. Since all ordinary non-exceptional characters are lifts of those characters, ƒ b;D . / extends to N G .D/, as well.
Next we consider the case where 2 Irr ex .b/. Since ƒ b;D is N G .D/-equivariant, 0 WD ƒ b;D . / is exceptional and N G .D/-invariant. Let 2 Irr.D/ be such that 0 D 0 . (Note that then is non-trivial.) By the definition of 0 this implies N G .D/ D N N .D/N G .D/ . Considering the structure of Aut.D/, we see that is stabilized only by automorphisms whose order is a power of p. Since p − jG=N j, this proves N G .D/ D N N .D/ C G .D/.
Let 2 IBr.C N .D// such that bl. / is covered by b 0 , and let Q be some extension of to N N .D/ . Then we denote by C and C Q their stabilizers in C WD C G .D/. As in [29, Lemma 3.12] we see that C acts on the set of extensions of to N N .D/ by multiplication with a linear character of N N .D/ = C N .D/. Note that N N .D/ = C N .D/ is a cyclic p 0 -group, and hence C =C Q is cyclic as well. From [29, Lemma 3.12 and Theorem 3.13] we know that
because C Q is the stabilizer of a bilinear form defined in [29, subsection before Lemma 3.12], see also [13, Corollary 12.6] for the original proof. Since 0 is an exceptional character, we can set 0 WD N for some 2 Irr.C G .D/ j /, where 1 ¤ 2 Irr.D/ and bl. / D bl. /. Further, note that is the unique character in
According to [23, Theorem C (a) (2)] combined with [29, Theorem 4.1] , 0 has a unique extension Q 0 to N G .D/OEb 0 such that bl. Q 0 / GOEb D bl. Q GOEb /:
According to [26, Proposition 9] we have N N G .D/OEb 0 D GOEb, and hence there is a unique block
see [31, Theorem (9.28 )] (or [17] ). The block bl. Q GOEb / is G-invariant by definition. Hence its Harris-Knörr correspondent Q b 0 is N G .D/-invariant, as well. By the definition of Q 0 this implies that Q 0 is N G .D/-invariant. Since N G .D/=N G .D/OEb 0 is isomorphic to C =C Q and hence cyclic, Q 0 has an extension O 0 to N G .D/, see [19, Corollary (11.22) ]. According to [13, Lemma 3.3 and Proposition 1.9] (see also [29, Theorem 3.5 
A similar statement also holds when G=N is a p-group but its proof uses different methods. For the proof of the above statement a significant factor is whether is exceptional or not. Proof. We prove here the stronger statement that if or ƒ b;D . / is N G .D/-invariant extensions Q and Q 0 with the above mentioned properties exist.
Since is a non-exceptional character, is p-rational. Analogously by the definition of ƒ b;D the character 0 WD ƒ b;D . / is non-exceptional and hence p-rational, as well. Since 0 is N G .D/-invariant, 0 extends to some p-rational character of N G .D/ according to [19, Theorem (6.30) ]. Analogously we see that extends to some p-rational character of G. In this situation let Q and Q 0 be p-rational extensions of and 0 , respectively. Accordingly Irr.Z.G/ j Q / and Irr.Z.G/ j Q 0 / contain only p-rational characters. This implies that both ker. Q / and ker. Proof. We first assume that b is not nilpotent. We construct some generalized character that proves to have an extension of as constituent.
Let Q 1 be the p-rational extension of the non-exceptional character 1 that exists by Lemma 6.5. Let Q 0 1 be the p-rational extension of the non-exceptional character [42, Lemma 4 (i) ]. The group Z WD C D .E/\Z.G/ is normal in G. In the following we assume that Z D 1 otherwise we can replace G by G=Z. Hence the character 2 Irr.D/ has a canonical extension Q 2 Irr. e D/ with C D .E/ Ä ker. Q /. Let Á Q be the sum of N G . e D; b D /-conjugates of Q . We see that Q 1 Á Q is a generalized character and satisfies
according to [9, Theorem 1] . Furthermore, the character has multiplicity˙1 in 1 Á by Lemma 5.6 and is G-invariant. Let a˛(˛2 Irr.G/) be the integers such that
a˛˛:
Since G=N is a p-group, the quotient˛.1/= .1/ is a p-power unless˛is an extension of . Hence there is at least one constituent of Q 1 Á Q that is an extension Q of . Since by assumption Z.G/ Ä N we have
If b is nilpotent, then b 0 is also nilpotent. Let 1 2 Irr ex .b 0 /. The character 1 is N G .D/-invariant since b 0 is N G .D/-invariant and 1 is the unique p-rational character. Like in the proof of Lemma 6.5, 1 extends to some p-rational Q 1 2 Irr.G/, see [19, Theorem (6.30) ]. Since b 0 is nilpotent, we have Q D Q 1 Q for some character Q 2 Irr. e D/, where e D is a defect group of bl. Q / containing D. Without loss of generality we can assume that Q 1 Q is constructed with a Brauer pair as described in [9, Section 3] , and hence we have D Q N D .
The inductive Alperin-McKay condition for blocks with cyclic defect groups
The inductive Alperin-McKay condition (or AM condition, for short) from [37, Definition 7.2] can be seen as a set of properties that should be satisfied by all height zero characters. A relative version with respect to p-groups has been introduced in [11, Section 7.1] . We refine this further to a condition on p-blocks. As before the inductive AM condition holds for a finite non-abelian simple group S if it holds for any prime p and any p-block of S , and the inductive AM condition holds for S with respect to a defect group if it holds for all p-blocks with this specific defect group. It brings forth a successive approach to the inductive AM condition. We start by giving a blockwise version of the inductive AM condition. Note that for a finite non-abelian simple group S , its universal covering group G and its universal p 0 -covering group, the associated automorphism groups can be identified, see [16, Corollary 5.1.4 (c) ]. Further, for Z Ä Z.G/ there is a natural embedding of Aut.G=Z/ into Aut.S/ D Aut.G/. So it makes sense to denote by Aut.S/ the stabilizer of in Aut.S/ for any character 2 Irr.G/.
In the following we state a blockwise version of the inductive AM condition from [37, Definition 7.2]. As in Lemma 3.4, for every 2 Irr 0 .B/ we construct, in the following, a finite group A that satisfies (1) and (2) Proof. The construction given in Lemma 3.4 can easily be transferred to this situation, and we obtain A using the same method.
In the remaining section we prove the first part of Theorem 1.1. In order to be able to apply some considerations in future work we separate the statements that can be applied in general from those that are specific to blocks with cyclic defect groups. The following statement is an analogue of Lemma 3.5 for ordinary characters.
Lemma 7.4. Let N Ä L C G with N C G and Q 2 Irr.L/ with WD Q N 2 Irr.N /. Assume that Q is G-invariant and that for every prime q there exists an extension q of to some K q with . q / K q \L D . Q / K q \L , where K q satisfies N Ä K q Ä G and K q =N 2 Syl q .G=N /. Then Q extends to G.
Proof. This is Lemma 3.5 in the case where p − jGj.
We apply this statement to construct an extension by using extensions to certain groups related to Sylow q-subgroups for primes q 6 D p. Proposition 7.5. Let N C G, let Q 2 Irr.G/ be a character with WD Q N 2 Irr.N / and b WD bl. /. Let M Ä N be an N G .D/-invariant subgroup with N N .D/ Ä M for some defect group D of bl. /. Suppose there exists some character 0 2 Irr.M / with bl. 0 / N D bl. /. For every prime q let G q be a group such that N Ä G q Ä G and G q =N 2 Syl q .G=N /. Furthermore, let H WD M N G .D/ and H q WD G q \H . Assume that for L WD GOEb the character 0 has the following properties:
(i) For every prime q ¤ p there exists some extension Ä q 2 Irr.H q / of 0 such that bl.Ä q;L\H q / L\G q D bl. Q L\G q /:
(ii) For 2 Irr.Z.G/ j Q / there exists some extension Ä p 2 Irr.H p j Z.G/\H p / of 0 .
Then there exists some extension Q 0 2 Irr.H j / of 0 such that bl. Q 0 J \H / J D bl. Q J / for every J with N Ä J Ä G:
Proof. Let 0 be the extension of 0 contained in Irr.M Z.G/ j /. Assumption (i) proves that Ä q is contained in Irr.H q j Z.G/\H q /. Hence Ä q has an extension to H q Z.G/ that is an extension of 0 . Assumption (ii) implies that 0 has an extension to H p Z.G/. Hence by [19, Corollary (11.31) 
